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Abstract 

We study the stringy instanton partition function of four dimensional M = 2 
U{N) supersymmetric gauge theory which was obtained by Bonelli et al in 2013. 
In type IIB string theory on x x C, the stringy U{N) instantons of charge 
k are described by k Dl-branes wrapping around the bound to N D5-branes 
on X P^. The KK corrections induced by compactification of the P^ give the 
stringy corrections. We hnd a relation between the stringy instanton partition 
function whose quantum stringy corrections have been removed and the K-theoretic 
instanton partition function, or by geometric engineering, the refined topological A- 
model partition function on a local toric Calabi-Yau threefold. We also study the 
quantum stringy corrections in the stringy instanton partition function which is not 
captured by the refined topological strings. 
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1 Introduction 


In 1994, by Seiberg and Witten the exact prepotential in four dimen¬ 
sional M = 2 SU ( 2 ) supersymmetric gauge theory was obtained [U | 2 ] , where and 

jrmst perturbative and instanton part of the prepotential, respectively. The pre¬ 

potential is computed from a period of a two dimensional algebraic curve on the Coulomb 
branch which is called Seiberg-Witten curve. This exact result can be generalized to 
other gauge theories with ADE gauge symmetries. By the compactihcation of type IIA 
strings on a local Calabi-Yau threefold given by ALE space hbration of ADE type over 
P^, one obtains M = 2 supersymmetry with ADE gauge symmetry in four dimensions. 
This realization is known as geometric engineering of gauge theory laiiais]. Then the 
Seiberg-Witten curve is embedded into the mirror dual of the local Calabi-Yau threefold. 
In 2002, by Nekrasov the prepotential Eq was directly derived from path integral formu¬ 
lation using the localization technique |H]. A necessary ingredient of this computation is 
to introduce the Omega background described by hbration over two dimensional 

torus T^. The Omega background has two generators ei and 62 of T^. The instanton 
moduli space of the gauge theory can be described by the ADHM moduli space whose 
dynamical variables are given by matrices [7] (see fl 2 . 1 l) L The computation of the path in¬ 
tegral which gives the instanton partition function 62 ) on the Omega background 

reduces to the computation of the equivariant volume of the ADHM moduli space whose 
IR behavior was regularized by 61^2 [SlEliQ By the localization, the instanton partition 
function 62 ) can be exactly computed, and one obtains the asymptotic expansion 

of the form 

00 

logZN^k(ei,e2) = 5 ^(ei 62 r'(ei + e2)'J’,y. 

g/=0 

Here the leading term coincides with the instanton part of the prepotential = E^^^ 
p uni [m [ 12 ]. The SU{N) instanton partition function on the anti-self-dual Omega 
background ei = —62 = h can be also obtained from a geometric engineering limit of 
the topological A-model partition function on a local toric Calabi-Yau threefold given by 
ALE space hbration of Aw-i type over P^ [T3l IHl [151 HSl [HI HH]- Here the topological 
A-model partition function is computed by the topological vertex formalism mm, 
and the parameter h is identihed with the topological string coupling constant Qs- In 

^The instanton partition function £ 2 ) also depends on the Coulomb moduli described by the 

Cartan subalgebra for gauge group, the dynamical scales in four dimensional gauge theory, and the masses 
of matters if the gauge theory is coupled to them. In this introduction we abbreviate these arguments 
for simplicity. 
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[211E2], refinements of the topological vertex formalism were proposed so that the SU{N) 
instanton partition function on the general Omega background is obtained [2211221121] • 
In 2012, the partition function of A/" = (2, 2) gauged linear sigma model (GLSM) on 
was exactly computed [251 ES]. By using this result, the stringy instanton partition 
function of four dimensional M = 2 U{N) supersymmetric gauge theory was given in [27] . 
The GLSM, which gives the stringy instanton partition function, flows in the IR hxed 
point to an A/" = (2, 2) non-linear sigma model (NLSM) whose target space is given by the 
ADHM moduli space. In |27|, it was shown that in the degenerate limit of the worldsheet 
5^ the stringy instanton partition function yields the U{N) instanton partition function 
Z^®'^(ei,e2) (see fl 2 . 12 l) for the /c-instanton sector)^ Here Z^®'^(ei,e2) does not depend on 
the Kahler modulus ( of the ADHM moduli space, whereas the stringy instanton partition 
function depends on (. In Section |2] we review the results in [27], and discuss the formal 
structures of the stringy U{N) instanton partition function. 

The stringy instanton partition function has the classical stringy corrections and quan¬ 
tum stringy [a') corrections. In the anti-self-dual Omega background ei = —62 = h, 
the stringy instanton partition function does not have the quantum stringy corrections, 
and only have the classical stringy corrections [27] . In Section [3l we study the classi¬ 
cal part Z^^(ei,e 2 ;C) of the stringy U{N) instanton partition function (see fl2.17p for 
the fc-instanton sector), and show that Z^^(ei, €2; C) is reduced from a four dimensional 
limit of the K-theoretic (“hve dimensional x S'^”) U{N) instanton partition function 
€ 2 ) with hve dimensional Ghern-Simons coefficient m G Z [391 ITU] . By geometric 
engineering, the classical stringy instanton partition function 62; C) is also reduced 

from the rehned topological A-model partition function Z^^,^(ei,e 2 ) on a family of local 
toric Galabi-Yau threefolds with resolved A^-i singularity labeled by m G Z described in 
Figure [2| f Section l3.2p . Then we obtain a relation 


rvrefA 

^N,m 


(g,^) 


^v;r(G, 62 ) 


4d limit 


g; C) 




/vNek 


(g,g)- 


Here the four dimensional (4d) limit is given by 


/d —)■ 0 , m ^ 00 with hxed /dm Cd 

where (3 is the radius of the hve dimensional circle and r is the radius of the worldsheet 
The limit r —)■ 0 corresponds to the degenerate limit of the S'^. In Section 1X21 we 
give a physical explanation of the above relation by revisiting string dualities discussed in 

^The stringy instanton counting in this paper means the “gauge theoretic” instanton counting with 
the stringy corrections. This is different from “stringy” (or “exotic”) instantons discussed in e.g. [751 [221 
[30l|3ll|32l[33l[Ml[35l[3i|32l|38]. 
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SB. Then this relation claims geometric engineering of the instantons with the classical 
stringy corrections, and shows that the Kahler modulus ( of the ADHM moduli space 
is obtained from the strong coupling limit of the hve dimensional Chern-Simons term, 
and quantization of ( can be interpreted as a hve dimensional Chern-Simons coefficient 
m G Z. 

It was conjectured in [32] and proved in [33] that the Af = (2, 2) GLSM partition 
function on 5^ which hows in the IR hxed point to an A/" = (2, 2) NLSM on 

5^ whose target space is a Calabi-Yau geometry X gives the quantum-corrected Kahler 
potential Kx on the Kahler moduli space of X\ 

^-Kx _ ^GLSM 

e — 

Therefore the stringy U{N) instanton partition function gives the Kahler potential for 
the ADHM moduli space. Note that the ADHM moduli space has a hyper-Kahler struc¬ 
ture [33], and thus satishes the Calabi-Yau condition. In [J^, it was proposed that the 
quantum stringy corrections gives us the Givental’s X-function [35] (see also 051) of the 
ADHM moduli space. In Section 13] for U{1), U{2), and U{3) we study the full stringy 
instanton partition functions with the quantum stringy corrections. For each N, we hnd 
a universal structure of the quantum stringy corrections for arbitrary instanton charge 
k. For U{1), as discussed in [2^, we conhrm agreements with quantum correlators in 
the T-equivariant cohomology ring (Hilbfc(C^), Q) (with the equivariant parameters 
^ig) of the Hilbert scheme HilbA;(C^) of points on C^. For U{2) and f/(3), using the 
formulation of Maulik and Okounkov m, we also check agreements with the quantum 
parts of quantum correlators in the equivariant cohomology of the ADHM moduli space. 
In Section [5] we give our conclusions and discuss some future directions. Appendix is 
a note on the multiple gamma function which appears in this paper. In Appendix jB] 
we discuss relations between the stringy U{1) instanton partition function, the simple 
Hurwitz theory, and the topological A-model on a local toric Galabi-Yau threefold. Here 
a relation between the latter two theories was previously discussed in [3S]- In Appendix 
O we review the Fock space description of (Hilbfc(C^), Q) [3HI EDI 1311 E], and com¬ 
pute some equivariant correlators for comparing with the stringy U{1) instanton partition 
function. In Appendix (D] we review and discuss the higher rank generalization of the for¬ 
mulation in Appendix O [SH I3Z]- In Appendix [E] we summarize the formulas of the exact 
Kahler potentials on quantum Kahler moduli spaces of Galabi-Yau threefolds (e.g. [32]) 
and fourfolds (conjectured in [53]). 
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2 Stringy U{N) instanton partition function 


In this section, we review the stringy U{N) instanton partition fnnction given in |27], and 
discuss its formal structures. 

2.1 J\f = (2, 2) GLSM on 3“^ for ADHM moduli space 

Let us consider type IIB strings on x T*P^ x C, and introduce D1-D5 brane system 
consisting of N D5-branes on x and k Dl-branes wrapping around the P^. By 
embedding the U{1) spin connection on P^ into the S'0(4) R-symmetry in the world 
volume theory of the N D5-branesj^ and by compactifying this theory on the four 
dimensional J\f = 2 U{N) supersymmetric gauge theory is obtained [H] (see also e.g. 
j55j). Here the k Dl-branes describe the instantons of charge k in the four dimensional 
gauge theory!^ As the world volume theory on the k Dl-branes, these instantons are 
described by an TV = (2, 2) NLSM on P^ whose target space is the ADHM (framed 
fc-instanton) moduli spacqj 

Mk,N = {(5i, 52, /, j) I [5i, 52] + / j = 0, [5i, B\] + [52, 5^] + jjt _ jt j = Cl,,,}/f/(fc). 

( 2 . 1 ) 

Here Bi 2 '- —)■ C^, J: —)■ C^, J: —)■ C^, and C > 0 defines the Kahler modulus. 

The gauge transformation is given by (5i,52,/, J) e-)■ {R~^BiR, R~^B2R, R~^I, JR), 
where R G U{k). This NLSM is obtained in the IR fixed point of an A/" = (2,2) U{k) 
GLSM on 8“^ = P^ with the matter content described in Table □ EZ]. The twisted masses 
Cl ,2 £ R give the generators of = 5(1)^ which rotates the in x P^, and these 
masses induce the Omega background. The twisted masses Oq, G M give the generators 
of the Cartan subalgebra of U{N). These chiral fields interact each other through a 
superpotential W = Trfcx([5i,52] -|- IJ) whose total U{l)v R-charge is two. The Fayet- 
Iliopoulos (FI) parameter for central 5(1) C U{k) gives the Kahler modulus ( in the 
ADHM moduli space fl2.1|) . 

By using the formula of the GLSM partition function on S'^ obtained by the supersym¬ 
metric localization [251 ES], after taking the limit p, q —)■ O'*" due to the non-compactness 

^This embedding breaks the R-symmetry as 5'0(4) = SU{2) x SU(2) to 5(1) x SU(2). 

"‘This theory has the KK corrections by the compactification of the P‘, and these corrections are 
given as stringy corrections. By the degeneration of P‘, the D1-D5 brane system becomes the fractional 
D(—1)-D3 brane system at the C^/Z 2 orbifold singularity [56l[57l|58] which describes the four dimensional 
Af = 2 U{N) supersymmetric gauge theory without the KK corrections. 

®The ADHM moduli space has a hyper-Kahler structure and the complex dimension is given by 
dimcAffe^AT = 2kN [44] . 
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Field 

U{k) 

Twisted mass 

U(l)v 

X 

adj. 

e 

2 - 2 q 

Hi ,2 

adj. 

— 61,2 

q 

la 

k 


q + p 

Ja 

k 

(Zq, — 6 

q-p 


Table 1: Matter content of the GLSM for the ADHM moduli space Aik,N- Here e = €1 + 62 
and a = By restricting the U{l)v R-charges to be non-negative, these are 

constrained asO<p<q<l. 


of the Aik,N [59], one obtains the stringy U{N) fc-instanton partition function 


ZkM^u 62 ,^ / J n 


2 2 *'^“ 


n 


a<b 


m 


ab 


hC^aft) ( 2 . 2 ) 


where z = e 27rC+*0 with the theta angle 9, rriab = ma — mb, and aab = era — Cb- Here 

1^ 1^ r( 0 + - i(Ta + iraa - ^ma) 1(0+ iaa - ir{aa - e) |ma) 

Zir - nil 


(2.3) 


= 1«=1 r(l + i<Ja - iraa - ^ma) r(l - iaa + ir{aa - e) + |w^a) 
is the one loop determinant of the chiral multiplets including the chiral helds Ja, and 

Z _ A r(l - - ire - |mab) T{-iaab + irei - ^mab) T{-iaab + ire 2 - ^mab) 

/A ^{ie^ab + ire-Imab) T{1 + iaab - irei - lmab)T{l + iaab - ire2 - Imab) 

(2.4) 

is the one loop determinant of the chiral multiplets including the chiral fields x, Hi, 2 , 
where r is the radius of S^, and e = ei -|- 62 . 

In the large radius phase ^ S> 0, the above partition function can be written as m 

Zi,«(ei.t2,5,z) = 4 / n +’'+G z)~’'^‘ ^L|gv(»)P, (2.5) 

■ ^a=l 


where 

^L = 


r(l - ire)r(irei)r(ire2) VAA 

I XXXX 


r(rAa iraa)T{0+ - rXg - ir^ag - e)) 
r(ire)r(l - irei)r(l - ire 2 ) J r(l - r\a - iraa)T{l + rXa + ir{aa - e)) 


X 




r(l rXab - ire)T{rXab + irei)r(rAafe ire 2 ) 


a,6=1 
(a^ 6 ) 


r(-rAa6 ire)r(l - rXab - irei)r(l - rXab - ire 2 ) ’ 


( 2 . 6 ) 


Zy{z) = Y1 

d \,. —0 


ELiJJ JJ i-rXa-ir{aa - e))d. 


(1 - rAa - ira„)c 

2 = 1 a=l ^ ' 


X 


j-j- dbg + rXgb (1 -F rXab - ire)d^^ {rXgb + irei)^^ {rXgb + ^^ 62 ) 4 , 7 ) 


l<a<b<k 


rXab {rXgb + ire)d^S^ + '^^ab - irei) 4 ^(l -h rXgb - (irea)^^ 
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Aafe = Aa —Ab, dab = da — db, and {x)d = is the Pochhammer symbol. Here by shifting 

the theta angle 6, we have scaled z as z ^ {—l)^^^~^z for simplicity. The contours in 
fl2.5p are enclosing the imaginary axes counterclockwise, and the simple poles which give 
residues only come from the numerators in fl 2 . 6 p given by Aq = —itta, Xab = and 

Aafe = —i^ 2 - As the result the simple poles are labeled by an iV-tuple of Young diagrams 
p = (pi ,..., fiN) with k = \fl\ = X]a=i \f^a\, where |pa| is the number of boxes of the 
Young diagram /i^. 

As an example, in the N = 2 and k = 3 case, we see that the simple poles are classihed 
by ten types of two-tuple of Young diagrams as 

Pi = (g, •) : Ai = -iai, As = -iai - zci, Ag = -iai - 2iei, 

hs = (P) •) • Ai = —itti, As = —icbi — ici, Ag = —iai ~ 

h3 = (B, 1=1) : Ai = -iai, As = -iai - i^i, Ag = -ms, (2.8) 


fli = (cm,#) obtained by eg y-)- cs in pi, /Ig = (□□,□) obtained by eg y-)- cs in /2g, and 
he....,10 = (•, |), (•, F), (□, B), (•, 1=™), (n, ™) obtained by Og yy as in hg,...,5. 

Let us consider the degenerate limit r —)■ 0 of Under this limit ( 2 ;^)-rA. ^ 1 + C)(r), 

Zy{z) = l + 0{r^), (2.9) 


and using r(r) = r ^ + 0{r^) to estimate Zl, one hnds that the stringy U{N) fc-instanton 
partition function fl2.5p yields the U{N) fc-instanton (Nekrasov) partition function 


Zk,N{^l, ^2, d, z) — 


^ 2 ,d) + stringy corrections. 


nr 


\2kN 


( 2 . 10 ) 


where 


^fc,^(u,e 2 ,a) = 


Hi 


dan 


k\i2Tiieie2f J fj^na=i(^^a + a„)(i0+ + e - (a, + a„)) 


X 


n 


'yU'yl, - <?) 


l<a<h<k 




( 2 , 11 ) 


and the contours are enclosing the real axes counterclockwise P [91 E]. The exponent 
of the leading behavior coincides with dimcAdfc^Ar = 2kN. It is useful to express 

the Nekrasov partition function by using Y-tuple of Young diagrams p = (pg,..., /ijv) as 


^S(^iU2,a) - LYv- —( -F’ 

\ii\=k na,/3=i</3(u,e2,a) 


( 2 . 12 ) 
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(1,1) 





(1,6) 



s 









T 






Us)= 1 


(5,1) 

-JX' - 


a^(s) 
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Figure 1: An example of Young diagram fi with |/i| = 20. Let s = {i,j) G /i be the label of 
the box at the i-th low and the j-th column of fi. At s = (2, 3), a^(s) = 3 and i^{s) = 1. 

where 

</3(eiA2,a)= n + + JJ (a„/3 + ei(4^(f) + 1) - e2a^^(f)) . 

(2.13) 

Here Oq,^ = — a^, and a^(s) and f'^(s) are the arm- and leg-length, respectively. In 

Figure[T]we describe an example of Young diagram fi with \fi\ = 20. The expansion fl2.10|) 
contains the stringy corrections to the Nekrasov partition function, and the 

main subject of this paper is to study these corrections. 


2.2 Stringy corrections 


As discussed in [27], Zl in fl2.6p contains the perturbative a' corrections. In the super- 
symmetric localization [2^ [2B] . these corrections depends on the regularization scheme 
of the inhnite products in the one loop determinant of the chiral multiplets. In [251126| 
this ambiguity was hxed by the zeta function regularization [nr=o(^ + ’^)]reg = ^ (see 

Appendix lA 1 ll . By 


r(-i) 

r(x) 


CXD 

= - exp (2'yx + 2 ^ 

S = 1 


C(2g + 

2s+ 1 /’ 


(2.14) 


we see that the perturbative a' corrections corrections in fl2.10p contain the Euler constant 
7 and the simple zeta values C(s) = f^e other hand, Zv(z) in fl2.7p contains 

the non-perturbative a' corrections and does not depend on the regularization scheme. 
Especially it was proposed that Zv(z) gives the Givental’s X-function HSl ESI of the 
ADHM moduli space M.k,N [271 [S2] : 


I{z) = Zy{z). 


(2.15) 


Here Ai,..., are identihed with the Chern roots of the tautological bundle on Aik,N 
(for N = 1, see [63]). The inverse radius r~^ of the two sphere 5^ is identihed with 
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the equivariant parameter which gives the generator of acting on the S‘^. By the 
equivariant mirror map, the X-function is related with the small jT-function J^{z). Then 
by expanding the ^X-function around r = 0, one can obtain the T-^+^-equivariant Gromov- 
Witten invariantsjj It is known that the coefficient of in the expansion around r = 0 of 
the X-function gives the equivariant mirror map. As discussed in [27], by fl2.15p and the 
behavior fl2.9p of Zy{z), one hnds that the equivariant mirror maps for the N >2 cases 
are trivial: J{z) = X{z) = Zv(z), but for the N = 1 case the equivariant mirror map is 
needed as 


J{z) = (1 - zy'^''^X{z) = (1 - zy'^''^Zy{z). (2.16) 

In 02.51) . by taking the leading terms of Xl ~ and Z^J{z) ~ 1 around r = 

0 , we obtain the stringy instanton partition function without the quantum stringy {a') 
corrections: 


Z classic 
k,N 


(ei,e 2 ,a, z) 



E 


*»’Ea=l(“c«Xa|-l-ein(Atc«)+e2ri'(Ma)) 


(2.17) 


where n{fi) = n(p^) = Especially in the anti-self-dual case 

ei = —62 = h, one hnds that the stringy instanton partition function does not have the 
a' corrections [27] (see also mi). and thus 


Zk,N{h, -h, a, z) 


^^classic 


{h, —h, d, z). 


(2.18) 


In Section |3] and Section 0] we study the classical and quantum stringy corrections, re¬ 
spectively. 


3 Classical stringy corrections 

In this section we study the classical stringy corrections. Let us dehne the generating 
function of the classical stringy U{N) instanton partition functions fl2.17p by 

CX> 

= 1 + 5^(rA)“''z"'=(ei,e2, S,.-), (3.1) 

k=l 

where A is the dynamical scale in four dimensional gauge theory. This partition function 
gives the instanton (“non-perturbative” in the gauge theoretic sense) partition function 
®The -I- 2 dimensional torus = U{1)^ x C/(l)^ acts on M.k,N as 

(Si,B 2 ,/,J) ^ (Bi,B 2 ,/T-hT,J) where r„ = diag(e“y...,e“«), and t/(l)h (Si,B 2 ,XX ^ 

J) where X, ^ This action introduces the equivariant parameters a^, 

a = 1,.. ., iV and ei ,2 corresponding to the twisted masses in the GLSM as described in Table [TJ 













without the a' corrections of the N D5-world volume theory on x that was di¬ 
mensionally reduced to the C^. In [27], the “perturbative” (in the gauge theoretic sense) 
partition function 

^2, fl) = Z^N^{ei^e2iCi) X ^(ei,e2,a) (3-2) 


was also computed. Here 


N 

^ 2 , fl) = 72(00^161,62) 

a,/3=l 

{am 


(3.3) 


gives the well-known perturbative partition function of the four dimensional M = 2 U{N) 
gauge theory on the Omega background [mEii (see also Appendix IA.2p . The quantum 
stringy part 


N 

Z'f^{ei,e2,a) = JJ 


a,l3=l 

(«7^/3) 


r3(aa/3|ei, £ 2 , i^) 

r3(at.fl|€l,€2,- + ) 


(3.4) 


contains the perturbative a' corrections, where rr( 2 ;|a;i,..., a;,,) is the multiple gamma 
function (see Appendix lAll. and one finds Z‘^^{h, —h,a) = 1. Then in the anti-self-dual 
case 61 = —62 = h, there are no a' corrections as in the instanton partition function fl2.18l) . 


Z'i,Hh,-h,a) = Zf^(h,-h,a). 


(3.5) 


In the following we show that the classical stringy partition functions fl3.ip (and fl3.3l) I 
are reduced from a four dimensional limit of the K-theoretic Nekrasov partition function 
with five dimensional Chern-Simons term. We also hnd that the instantons with the 
classical stringy corrections can be embedded into (rehned) topological string theory. 


3.1 Relation with K-theoretic instanton partition function 


The K-theoretic U{N) instanton (Nekrasov) partition function with five dimensional 
Chern-Simons term f TrA A F A F [65] is given by [SD] HU] 


zyr(£i.«2.5.A)=5^ 


n^/3=l^a/3(eiA2,a) 




(3.6) 


where m G Z is the Chern-Simons coefficient, and 


A^^;3(ei,e2,a) = 


n 


Qc.pt 


{s)q-a 




n 


Qapt 






(t) 


(3.7) 
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t = e q = Qap = e Let {3 be the radius of the hve dimensional circle. After 
scaling —>• i/doo,, 61^2 —t i(3€i^2, A —)■ ze“^^'^/3A, by taking a four dimensional limit 

(3^0, m —)■ cxD with hxed /3m = r log 2 ;^ = — 47 r(^r, (3.8) 

we see that the K-theoretic Nekrasov partition function yields the classical stringy instan- 
ton partition function (13.Ih : 

2S"‘(ti.t2,S.A) ^ Z^®(ti,e2.3,z.A). (3.9) 

The four dimensional limit fl3.8p relates (the strong coupling limit of) the Chern-Simons 
coefficient m to the Kahler modulus (. The K-theoretic “perturbative” (in the gauge 
theoretic sense) partition function [TTl ESI HD] does not depend on the Chern- 

Simons term, and yields the perturbative partition function in fl3.3p without the a' 
corrections. Note that in the anti-self-dual case ei = —62 = h, as in fl2.18p and fl3.5p 
the stringy partition functions do not receive the a' corrections, and the limit fl3.8p of 
the K-theoretic perturbative/non-perturbative (instanton) partition functions completely 
coincide with the stringy partition functions. 


3.2 Relation with topological strings 

By geometric engineering [3111115], it is known that the K-theoretic SU{N) Nekrasov 
partition function with a Chern-Simons coefficient m coincides with the partition function 
of rehned topological A-model on a local toric Calabi-Yau threefold given 
by ALE space hbration of Ajv-i type over [221 1231 [21| (see [131 HU HU HU HU HB] 
for the unrehned case). Topological type of this SU{N) geometry described in 

Figure [2] is labeled by an integer m which is identihed with the Chern-Simons coefficient 
[3^ . The SU{N) geometry has one modulus of the base and X — 1 moduli 

Tf^, a = 1,..., X — 1 of the hber consisting of X — 1 resolved P^’s. Here is identihed 
with the dynamical scale A, and are identihed with X — 1 independent Coulomb 
moduli Oq in the SU (X) gauge theory [3] : 

~ {f3Af^, Tf^ ~ (3aaa+i = /3{aa - a^+i). (3.10) 


Then by taking the limit fl3.8p . we hnd that the partition function of the rehned 

A-model on the family of the local toric Calabi-Yau threefolds XN,m labeled by m yields 
the classical stringy partition function of the four dimensional SU{N) gauge theory: 




Z5,“(ei,e2,a) x Z“‘(ei,e2,a, 2,A) 


cSU 


E^=iao=0 


(3.11) 
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Figure 2: The left figure describes the toric (web) diagram of the SU{N) geometry Xjsf^rn 
labeled by m G Z. It contains N — 1 Hirzebruch surfaces as the compact 

divisors. The right hgure describes the Hirzebruch surface F^, with two Kahler moduli Tf 
and Tb. 


The anti-self-dual case ei = —62 = h corresponds to the topological string (unrehned) 
limit, and h is identihed with the topological string coupling constant Qs- Therefore the 
(unrehned) A-model partition function under the four dimensional limit (I3.8p completely 
coincides with the stringy partition function on the anti-self-dual Omega backgroundj^l 


3.3 Brane construction and geometric engineering 

In this section by revisiting a correspondence discussed in |TT] between the world volume 
theory of N D5-branes on C^x {vanishing P^} and the geometrically engineered quan¬ 
tum held theory by local Calabi-Yau threefold with resolved Atv-i singularity, we give 
a physical explanation of the relations fl3.9p and fl3.1ip . As described in Section | 2 l the 
intersecting Dl- and D5-branes in type IIB string theory on x T*P^ x C lead to the 
instantons with the stringy corrections. In the D5-world volume theory, after the com- 
pactihcation of the P^, to preserve eight supercharges in the four dimensions, the U{1) 
spin connection on the P^ needs to be embedded into the FOpd) R-symmetry [5l]. This 
topological twist breaks the R-symmetry as S'0(4) = SU (2) x SU{2) to U (1) x SU{2), and 
one obtains six dimensional J\f = (1,0) U{N) supersymmetric gauge theory on x P^ 
which leads to four dimensional M = 2 supersymmetric gauge theory. 

Type IIB theory —> Type IIB theory: Firstly, by taking the S-duality in type IIB 

similar limit to (13.811 was previously discussed in |48] to relate the simple Hurwitz theory with 
the topological A-model on the local toric Calabi-Yau threefold Xi^m = 0{m — 2) 0 0{—m) —^ P^. In 
Appendix [B1 we discuss and summarize such relations. 
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string theory, the N D5- and k Dl-branes are turned into NS5-branes and the fundamental 
strings wrapping around the compactihed 


Type IIB theory —Type IIA theory: As was shown in [67], the N NS5-branes in 
type IIB (IIA) string theory is equivalent to type IIA (IIB) string theory on an A]^_i ALE 
space. By this duality, we obtain type IIA string theory compactihed on a local Calabi-Yau 
threefold given by ALE space hbration of Ajv-i type over P^, and then four dimensional 
Af = 2 SU{N) supersymmetric gauge theory is geometrically engineered [3],|ll[5|. The low 
energy type IIA supergravity theory has the Chern-Simons term J B'A) a dCA'f A dC^^\ 
where is the NS-NS B held and is the R-R 3-form held. From this Chern-Simons 
term, by integration on the local Calabi-Yau threefold, we obtain 


CbQa/S'y I (padAfj A dA^. 


(3.12) 


Here 0a = ^ /c and Aq, = dehned for the two cycles Cq, ck = 1,..., A — 1 

ou the ALE space gave scalar fields aad gauge fields ou respeet.vely, aud g-ven 

by a classical triple intersection number of divisors on the local Calabi-Yau threefold^ 
It is known that the NS-NS B held introduces a noncommutative parameter in the four 
dimensions, and it also introduces the FI parameter in the ADHM moduli space [69l [TOl 
in]. Therefore we argue that the coefficient Cfefi'a /37 is identihed with the FI parameter. 

Let Xn{() be the local Calabi-Yau threefold obtained from the toric Calabi-Yau three¬ 
fold X 7 v,m in Figure Elat the phase under the limit (Id.Sh rl By considering this Calabi-Yau 


threefold XAr(C), as discussed above, we hnd an interaction term like fl3.12p . As discussed 
in [39], the parameter ( obtained by the scaling of the intersection number m in XN,m is 
related with the coefficient of fl3.12p . and so identihed with the FI parameter. Then we 
see that the instanton partition function with the term (I3.12p on the Omega background 
is given by the classical stringy instanton partition functions fl2.17p : 





/ 7 classic 

^k,N 


{ei,e2,d,z) 


E 


N 

q: = 1 


.=0 


(3.13) 


where is an element of the T = U{1)^ x f/(l)^-equivariant cohomology k,N) [H]- 

Note that we also have the fundamental strings wrapping around the base P^ which give 
the degree k worldsheet instanton for this base whose Kahler modulus gives the dynamical 
scale A. 


Type IIA theory —)■ M-theory: Lifting to the M-theory leads to the relation fl3.9p 
between the K-theoretic SU{N) instanton partition function with five dimensional Chern- 

®When the two cycles Cq, shrink to points, the gauge symmetry is enhanced to SU{N) |B5] . 

®The parameter m in gives a classical triple intersection number. 
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Simons term and the classical stringy SU{N) instanton partition function in four dimen¬ 
sions. We see that by this hve dimensional lift, the FI parameter ( is quantized, and it 
gives a hve dimensional Chern-Simons coefficient m G Z. As the result, we argue that 
the K-theoretic classical stringy instanton partition function is given by the K-theoretic 
instanton partition function fl3.6p with hve dimensional Chern-Simons coefficient. 

The K-theoretic instanton partition function and the rehned topological A-model par¬ 
tition function do not capture the quantum stringy corrections. In the next section, we 
study these quantum corrections. 


4 Quantum stringy corrections 


In the general Omega background, the stringy instanton partition function fl2.5p has the 
quantum stringy [a') corrections, and it gives the quantum-corrected Kahler potential 
on the Kahler moduli space of the ADHM moduli space M.k,N |1211131 EH 132] : 


up to an ambiguity by Kahler transformations Kk,N{z,z) —)■ Kk^N{z,z) + f{z) -f f{z) 
where f{z) is a holomorphic function of z. In the following, let us hx this ambiguity by 
a normalization 


rynoxm. 

^k,N 


(61,62,0,2:) 



ELi' 


/r(-ir6i)r(-ir62) 
V r(ir 6 i)r(ir 62 ) 


kN 

Zk,N{^lt ^2, O, ^)- 


(4.2) 


Here the hrst normalization factor ( 2 ;; 2 )“®'’iv EQ=i«a shifts the classical stringy corrections, 
and then we see that this normalized partition function is invariant under simultaneous 
constant shift Oq, —)■ Oq, - 1 - c, cr = 1,..., A^. As the result, the 1/(1) factor is decoupled 
from the partition function: U{N) —)■ SU{N). By fl2.14p . the second normalization factor 
removes the dependence of the Euler constant 7 [2^, and Exes the precoefficients of the 
simple zeta values ( (s) which receive the perturbative a' corrections. These normalizations 
hx the regularization scheme in the perturbative a' corrections mentioned in Section 12.21 
In this section, we study the structure of this partition function for N = 1,2,3 cases, 
and End a universal structure of the quantum stringy corrections for arbitrary instanton 
charge k as in fl4.4p . fl4.28p . and fl4.55p . 


4.1 Stringy U{1) instanton counting 

In the A^ = 1 case, the ADHM moduli space A4 a:,i is isomorphic to the Hilbert scheme 
of points Hilbfc(C^) on C^. In this case, an equivariant mirror map described in fl2.16p is 
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needed for reproducing the correct Gromov-Witten invariants of Hilbfc(C^), and thus we 
study [27] 

z“r(ei,62,z) = (i+zr^^^(i+zr'=^%7“(6i,e2,-^). (4.3) 

Note that the Coulomb modulus a has been removed by the hrst normalization factor in 
(I4.2p . We hnd that its asymptotic expansion around r = 0 is given by 


^k,l GlG2,^j 2_^ {Sie2Y~^^ ^ 


+ 


Gk-2fl^ 

( 8162 )^-^ 

QGk-3,0^ 

( 8162 )’^-'^ 

‘^Gk 28 






+ 


2Ga; 4 o£ 




( 6 )/ 


where £ 1^2 = £ = £1 + £2 = and 


{ 8182 ^-“^ 

+ ex C>(r-2^+^), 


G(;2) = -log’^^^. 


n\ 


(4,4) 


(4.5) 


The coefficients = 3,..., 6, and n = 5, 6 ,i = 1, 2, 3 are given below. 

We have checked this expansion up to fc = 5(-instanton), and for the classical stringy 
corrections up to /c = 7(-instanton). Here 

1 / \ 2£ 


Gk><d,i X] rr h (sY^ 

\^\=k 


, Gfc<oy = 0, 


(4.6) 


SS/4 


where c^(s) = 'Zsei^Ms) - i^{s)) = “ i), and h^{s) = a^{s) + 7(s) + 1 is the 

hook length. Some of these numbers are given by 


G 

G 


_ 1 _ k{k — 1) _ k{k — l){3k‘^ + k — 12) 

kfi = k,i = 2A;! ’ ^ ¥k\ 

_ k{k - l){15k^ + 30fc3 - 105A;2 - 700A: + 1344) 

k,3 - • 


(4.7) 


One hnds that Gk,e coincides with the equivariant classical intersection number 
of the divisor class D in the T-equivariant cohomology i7^(HilbA;(C^), Q) computed in 
(1C.8I1 . where T = 77(1)^ acts on C^. As discussed in Appendix [HI these numbers also give 
the disconnected simple Hurwitz numbers of which count degree k covers of P^ only 
with simple branch points (see flB.4D i. 

The normalized stringy 77(1) instanton partition function gives the Kahler 

potential on the quantum Kahler moduli space of Hilbfc(C^), and by (12.151) the non- 
perturbative a' corrections should be given by the equivariant Gromov-Witten invariants. 
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In the following, we explicitly describe the expansion coefficients of (I4.4p . and conhrm 
that such corrections are given by the equivariant Gromov-Witten invariants computed 
in Appendix O 

The coefficients n = 3,..., 6 are given by 

g ^1 =-l^(z) — SCs + {L 2 {z) + c.c.)l^{z) — 2(^L3 {z) + C.C.), (4-8) 

^-k[ \z) ^ h'^{z) - 2C3l^{z) + {L2 {z) + c.c.)f{z) - (LsIz) + c.c.)l^{z) - {L2 {z) - c.c.y, 

(4.9) 


g k[ \z) ^ ti^(^z) - 2 C 3 l^{z) - 4 C 3 (T 2 (^) + c.c.) - TCs + {L 2 {z) + c.c.)l^{z) 


~ + c.c.^P{z) + 

+ 2,L2{z)L2{z) l^{z) — 2 
dz 


dz 



Lsiz 

dz^ 


Lsiz 


' dz 
z 

2 

3 


Li{z)^ + c.c. 


dz'^ 


Li{zf- 


dz 


Hzf 


+ 2 


Li{z)‘^L 2 {z) + c.c.) + {L 2 {z) + c.c.) (^ 3 ( 2 :) + c.c.) 


(4.10) 


and 



where 

L,(z) = L,(z) - j ^Li{z)'‘. (4.12) 

Note that in the perturbative a' corrections which depend on the regularization scheme, 
the simple zeta values (s = ((s) are involved. We see that the non-perturbative a' 
corrections are completely given in terms of the polylogarithms 


Lo{z) = Lio(z) = -- 

1 — z 


-^n+i(z) — Li^^i(z) 


dz 

z 


Lin(z). 


(4.13) 


Especially K^^\z) and K^\z) have the forms of the Kahler potentials on the Kahler 
moduli spaces of Calabi-Yau threefolds (lE.ip and of Calabi-Yau fourfolds (1E.4p . respec¬ 
tively. Combining with the precoefficients in fl4.4p we argue that the non-perturbative a' 


44) 
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corrections in k[^\z) are determined by the equivariant three-point function on Hilbfc(C^) 
computed in fIC.lOp . 




n = 3,... ,6, 


(4.14) 


where D is the observable corresponding to the Poincare dual of the divisor class in 
/f^(Hilbfc(C2),Q). 

The coefficients e~ and e~ given by 

-|- -f- C.C.), 


"^C3^^(^) + “^^5 + C.C.)P{z) — 3iyMi{z) + c.c)jl^{z) 


(4.15) 


(51 1 3 4^ 

^ ^ -Csl^iz) + —Cb + {Lz{z) + c.c)l‘^{z) - 3{Li{z) + c.c)l^{z) 

6(^L^(^z) -f C.C.). 

The non-perturbative a' corrections in these coefficients are given in terms of 

dz 


(4.16) 


, z{l-2z) 

Mo{z) = ^ ^ 


Mn+l{z) = 


-Mn{z) 


(4.17) 


1 — z + z‘^^ 

for k[^1{z), and Ln{z) for k[^1{z). With the precoefficients in (14.41) we argue that these 
quantum corrections are determined by the equivariant three-point functions computed 
in fIC.lip for k[^1{z), and flC. 12 p for k[^1{z), 

r{i) vW. _ k{k - l){k - 2)e 


RfUz) : = -L-iL^(i + M„(z)), 




( 2 ) ^( 2 ). _ k{k - l){k - 2){k - 3)e fl 


+ Ln{z 


(4.18) 

(4.19) 


2fc!(eie2)^-2 V2 

Here Y^^'^ and are the two independent observables corresponding to the Poincare 
dual of (complex) codimension two cycle classes in (Hilbfc(C^), Q). 

The coefficients e~ and e~ are given by 

^ ^c,^i^L 2 {z) - 1 - c.c)l^{z) - ^C3(32L3(^) -F 3M^{z) + c.c.) 

_i^y 2 , 106, (1 

27 9 


+ 2 


3L4(2:) — 4:Mi{z) 
dz 



2 {z) - 1 - c.c.)l^{z) - A^Lslz) - Mz{z) c.c.)P{z) 

dz^ 


dz"^ / X , .r / N 3 

— —Li{z)Mi{z) + - 



-M,{zy 


-|- / — Li[z)A42{z) c.c. I [z) — 2 


37 . 5 ( 2 :) - 4:M5{z) 



dz^ ^ ^ , 

—Li{z)Mi{z) 

■yO 



dz^ 



dz^ 


dz 


— —Mi{z) + / / — ^Li{z)M 2 {z) + 3 / — Li{z)M^{z) 


dz 


+ T / — M 2 {zY -\- c.c. ] — (L 2 {z) + c.c.) (yM^{z) -|- c.c.) y{z) — - (yM^{z) 


-f c.c.) ( 8 L 3 ( 2 ;) - 3M-i{z) + c.c) + Q[L 2 {z) - c.c.) [M^^^z) - c.c.), 


(4.20) 
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and 


e 




2 l^{z) + + 3 (s(^L 2 {z) + c.c.^l^{z) — Q(s[Ls{z) + c.c.) — - 

{L2{z) + c.c.)t{z) + (Lsi^z) + c.c.)f’{z) - [ 3 La{z) - L2{zf + c.c. 

r fj y "I 

3 L^{z) + —L2{zY — 2L2{z)(^2L3{z) — L^(z)) + c.c. l^{z) 
2 [Ls{z) + c.c-Y + Q[L2{z) - c.c.) (^4(2;) - C.C.). 


(3 + 12 C 5 ^^( 2 :) 


(4.21) 


We argue that the non-perturbative a' corrections in these coefficients are determined by 
the equivariant three-point functions as 


(e,e 2 eB,B,B} and (eD, F^), (4.22) 

Kj^^(z): (€,€ 2 eB,B,B} and (eD,F®,F®). (4.23) 

We hnd that the coefficients k[^1{z) and k[^1{z) are written in terms of the other 
coefficients as 


e 

e 







(4.24) 

(4.25) 


The stringy k = 2-instanton partition function in fl4.4p receives these non-perturbative a' 
corrections, whereas the equivariant three-point functions {B,Y 2 ^\Y 2 ^'^), {B,Y 2 ^\Y 2 ^'^) 
computed in fIC.lip . flC.121) are trivial for k = 2, and thus we argue that the non- 
perturbative a' corrections in each coefficient are determined by the equivariant three- 
point functions as 


{e,e2B,B,B), Ki%) : {e,e2eB, B, B). (4.26) 


We also hnd that the classical intersection numbers obtained by the above computation 
completely coincide with the equivariant classical intersection numbers fIC.Sj) of the divisor 
class B in if.^(Hilbfc(C^),Q). 


4.2 Stringy U{2) instanton counting 

In the N = 2 case, let us consider a normalized partition function on A4fc,2 [27]: 

(ei, ^ 2 , a, ^) = (^T)*t^^F-r(ei, e^, a, z). (4.27) 

This normalization shifts to Oq, -|- e/2. In the following, by putting (/(s) = 0 we ignore 
the perturbative a' corrections which depend on the second normalization factor in (14.21) . 
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Then in the asymptotic expansion around r = 0, we only need to consider the leading 
term of Zl in fl2.6p . Up to k = 4(-instanton), we hnd that the asymptotic expansion has 
the form 


" fc ,2 


Xci, € 2 , a, z) — £ 2 , 


e=o 

^ -y(2) 


^ 1^2 




(U + (U' 


+ 7172 ^i-2,o(^i> ^ 2 , a) 


^ 1^2 


g -^2;2(^) _|_ gg -f^2;2(^) 


+ 2 (^ 15^25 Cl) 


g gg 


+ 0{r 


-4:k+7\ 


(4.28) 


where £ 1,2 = ^^€ 1 ^ 2 , £ = £1 + £ 2 , a = ira, and /”(z) = ^ log"' 2 : 7 . We see that by the 
normalization factor (z'zy^^^ in fl4.27p . the odd power terms with for e = 0 have 
been removed from the hrst line of fl4.28p . Here behaves as and its 

leading term is given by the Nekrasov partition function fl2.12l) : 


^ 2 , a) — ^ 2 , a), ^^<0,2(^n ^ 2 , a) = 0. 

Up to fc = 4, one has £ 2 , 5) = 1, 

Z“(£i,£2,S) = 

(£l,£2,a) = 

Zf^t{e^,e2,a) = 


(4.29) 


^1^2-Di,1 ’ 

8ei + 17eie2 + — 2o^ 

^1^2-^l, 1 -^ 1 ,2-02,1 
TVs 


3£i£2-Ol,lOi^2-D2,lO)i_3Zi)3^1 ’ 

^Nek/ nl = __ 

6£f£2-Oi,i-Di 20*2,1-01,30)3 1^2,2-01,40)41 


(4.30) 

(4.31) 

(4.32) 

(4.33) 


Here o = Oi - 02 , and A,i = Di,ji£iG 2 , a), = A^ 3 (e:i, £ 2 , a), A ^4 = N^isi, £ 2 , a) are given 

by 


A,i = {i£i + j£2f - a^ (4.34) 

= 2{72{e\ + e^) + 363(£3£2 + £i4) + 594:slel - (26el + A7eie2 + 26el)a^ + 2a^), 

(4.35) 

N 4 = 9216(£® + el) + 100608(£j£2 + £i4) + 440688(44 + 44) + 1009131(44 + 44) 
+ 131999444 - (6208(e? + 4) + 44336(4^2 + £i4) + 124139(44 + 44) 

+ 17184544) + (1440(4 + 4) + 5644(4e2 + £i4) + 8651542 )^^ 

- (132(4 + 4) + 212 £i£2 )a® + 4a®. (4.36) 
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(4.37) 


(2i) 

We find that G). [ is also given by the Nekrasov partition function 




(2) 

Up to k = 4, Gj. 2 are given by 


^2, fl) 
^2, fl) 

^2, O) 
^4, 2 (^ 1 ) ^2, fl) 


8ei£2 

+ 3£ i £2 + ^2 — 

c-2c-2r) ’ 

^3,2 

2-02,1 ’ 

7V4,2 

3£i£2-^1,1-Di,2-D2,1-Di sOs^l ’ 


where 


(4.38) 

(4.39) 

(4.40) 

(4.41) 


= 56(et + 4) + 337(e42 + sgI) + 582elel - (70e? + 133eie2 + 705^)0^ + 144, 

(4.42) 

iV4,2 = 180(e® + el) + 1767(e42 + ^ 1 ^ 2 ) + 6018(e42 + ^i4) + 8936e42 ~ (245(ei + el) 
+ 1062(e42 + £i4) + 1676e42) + (70(4 + 4) + lll£U 2 )4 - 54. (4.43) 

(2) 

Up to /c = 4 , G), 3 are given by 


where 


^ 2 , 4 
^ 2 ,4 

^3^3 (^iG2 , 4 

Gf^^{ei, £ 2 , 4 


(e^ - 4)^ 

32eie2 

^2,3 

4^271i,i’ 

_ ^3,3 _ 

32efe2-Oi iOi^2-D2,i ’ 

_ ^ 4,3 _ 

3 efe|Oi lOi 2-D2 ,i-Di 3O3 1 


(4.44) 

(4.45) 

(4.46) 

(4.47) 


A^2,3 — {4 + 4) ~k 10(£^£2 U ^ 1 ^ 2 ) 3" 19^i£^2 — 2(^1 ~k 5£i£2 + 4)^'^ 3" (4.48) 

7 V 3 3 = 488(e)’ + el) + 5905(4^2 + sgI) + 22244(44 + 44) + 3431044 “ (1098(4 + 4) 
+ 7754(4^2 + £i 4) + 1239244) + (732(4 + 4) + 1849eie2) - 122a®, (4.49) 

= 612(4 + 4) + 9867(e42 + £i4) + 57891(44 + 44) + 160209(44 + 44) 

+ 22405844 - (1445(4 + 4) + 14434(e®e2 + sgI) + 45445(4e^ + ejej) 

+ 6541644) + (1071(4 + 4) + 5003(4^2 + £i4) + 772944) 

- (255(4 + 4) + 436eie2)a® + 17a®. (4.50) 
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Up to the precoefficients of C(s) given by the ratio of two homogeneous polynomials of £ 1,2 
and a which depend on the regularization scheme, we hnd that the coefficients in fl4.28p 
coincide with the coefficients in fl4.4p for the stringy U{1) instanton partition function: 






Q-K^iiz) ^ ^-k[%{z) 


(4.51) 


where n = 3,..., 6 and d = 5,Q. 

By combining the above results with the results in Section 14.11 we can conjecture the 
quantum corrections of equivariant three-point functions on Aik ,2 up to the normalization 
constants determined by the classical intersection numbers. Let D be the Poincare dual 
observable of the divisor class in the T-equivariant cohomology H^(^Aik, 2 ) of Aik, 2 , where 
T is the 2-1-2 dimensional torus as in footnote 6 of Section 12.21 From the precoefficient of 
e -^2 (^) in fl4.28p which does not depend on the normalization fl4.27p . by fl4.14p we hnd 


{D,D,D) = + ioW). 

6162 V/ / 


(4.52) 


where Ci is a constant, and Lq{z) = z/{l — z). From the precoefficient of e in 

(I4.28p . by (I4.19P we also hnd that there exists a cohomological observable Y 2 dual to 
a (complex) codimension two cycle class in H^(^Aik, 2 ) with the quantum corrections 
three-point function as 

r{2) ^^(2)', C2e „M„1, . / 1 


m 


{D,Yi‘'zf') = 


+ Laiz) 


(4.53) 


where C 2 is a constant. Up to A: = 4, there are no other non-trivial Poincare dual observ¬ 
ables Y of codimension two cycle classes with the quantum corrections in the three-point 
function {D,Y,Y). 

In Appendix [Dl we will describe the quantum cohomology ring H^{^Aik,N) by the 
tensor product of Fock spaces [52lll^, and by computing the quantum parts (H, U, of 
three-point functions, we see that the above results fl4.52p and fl4.53p are surely consistent 
with flD.12p and flD.13p . respectively. 


4.3 Stringy t/(3) instanton counting 

In the = 3 case, as in the = 2 case we consider a normalization 


Z-3™(ei,e2,a,z) = {zzp^^z), 


(4.54) 


and ignore the perturbative a' corrections by putting ({s) = 0. As in Section [4.21 this 
normalization shifts Oq, to Oq + e/2. Up to k = 3(-instanton), we hnd the asymptotic 
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expansion aronnd r = 0 as 


Z™{ei,e2,d,z) = ^(-l)^Gg(£i,£2,a)/^^(^) - Y^{-lYHfl{ei,e2,'d)l^^^^{z) 


^ Zji^) I 


i=0 

^ -y(3) 


+ 7—0) 
3 ^ .^( 3 ) 


-Ki%) 4 . 


'=0 

e“^^3;2v^; + 

( 5 ) 


^1^2 


»fiu(£i,£2,S)i'(;)e-''»W + ©(r-'^+’j, 


(4.55) 


where £ 1^2 = i'r'^ 1 , 2 , e = £1 + £ 2 , ^ = if'd, and l^{z) = ^log^zz. Here G^l behaves 
as and the leading term G® coincides with the Nekrasov partition fnnction 

£ 2 , a) = (£ 1 , £ 2 , a), ^^< 0 , 3 (^n £ 2 , a) = 0. (4.56) 

For example, ZQf^{ei,e 2 , 0 ) = 1 and 


vNek,' _ 2 ( 3 ^^ + ai2a23 + 023031 + O31O12) 

^ £i£2(£2-aa(£2-a=3)(£2-ai,)^ 


(4.57) 


where aajs = Oq, — 0 ^. H^j {HY<oi = 3) behaves as 0{r 6 fc+ 2 £+i^^ example 


j^{3) _ (Cll2 — 023)(023 — 03i)(03i — O 12 ) 

“ 3eMe^ - al2)ie^ - al,){s^ - air 


(4.58) 


Up to the perturbative a' corrections we find e = g ^i; 2 h^) = g and the 


^(5)f 


r'(5)7 


coefficient e 3;2i2i jg given by 
3.«. . 3 


g ^+-[LYz) + c.c.)fi{z) --(2LYz) - / ^Li(^)^ + c.c.j/^( 2 ;) 




3 

2 V 


f2L5(2() — 



dz^ 


Li{zY - j ^L 2 {zf + c.c^l^{z) + "^[LYz) + c.c.)^ 

(4.59) 


= ^zS,3(uG2,o)(^ + Lo(^)), 
6169 / 


(4.60) 


As in the N = 2 case, we find that there exist the observable D for the divisor class 
and an observable ¥ 2 “^^ for a (complex) codimension two dual cycle class in 
with the quantum corrections in three-point function as 

^A.'-r3(^iG2, 0) ( 

6162 

where c is a constant. Here H^(^Aik, 3 ) is the T-equivariant cohomology of A4k,3 with the 
3 + 2 dimensional torus action T mentioned in footnote 6. By the expansion fl4.55p . we 
see that the three-point function {D, D, D) does not have quantum corrections. 

As same as the N = 2 case, we see that the above result (I4.60p is consistent with the 
result flD.12p in Appendix [Dl 
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5 Conclusion and discussions 


In this paper, we have studied the stringy instanton partition function of four dimensional 
M = 2 U{N) supersymmetric gauge theory given in [27] . In Section 13.11 we found that 
the stringy instanton partition function whose a' corrections have been removed coincides 
with the four dimensional limit fl3.8p of the K-theoretic instanton partition function with 
a five dimensional Chern-Simons coefficient. Here the Kahler modulus ^ of the ADHM 
moduli space was obtained from the strong coupling limit of the five dimensional Chern- 
Simons term. We also discussed that the classical stringy instanton partition function is 
embedded to (refined) topological string theory on the local toric Calabi-Yau threefolds 
labeled by m G Z in Section 13.21 This gives geometric engineering of the instantons with 
classical stringy corrections, and we provided a physical explanation of this realization in 
Section 13.31 

We further studied the stringy instanton partition function with the a' corrections 
for f/(l), t/(2), and H(3) cases. We found that the quantum stringy corrections have 
the universal structure for arbitrary instanton charge A;, as in fl4.4l) . fl4.28l) . and fl4.55p . 
This universal structure shows that the stringy corrections for an instanton charge k 
contain the stringy corrections for instanton charges I < k. From the viewpoint of the 
Fock space description of the equivariant cohomology ring of the ADHM moduli space 
M.k,N in Appendix O and ini such structure is clear from the construction of the elements 
of the equivariant cohomology by the generators of the Heisenberg algebra. Note that 
this structure seems to be related with a compactification of the UV non-compactness 
by point-like instantons, which is called the Uhlenbeck compactification of the framed 
moduli space \ of point-like instantons on U {cx)} (see e.g. [HI [101 


k 

Mk,N = X 

1=0 

where is the l-th symmetric product of C^. After resolving the orbifold singularities 
in Aik,N, one obtains Aik,N- 

For U{1) case, as discussed in [27] we read off some equivariant three-point functions 
on M.k,i — Hilbfc(C^), and confirmed the agreement with the computations in Appendix 
O Using this result, we extracted some equivariant three-point functions on M.k ,2 and 
A4.k,o from the stringy instanton partition functions, and also checked that these results 
are consistent with the computations in Appendix iDl 

It would be interesting to further study the classical and the quantum structure of 
would like to thank the referee for pointing out this similarity. 
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the U{N) stringy instanton partition function, and to compare the structure with the 
discussion of the quantum multiplication for the ADHM moduli space Aik,N (as described 
in Appendix [D]) [17]. The rehned topological vertex [211122] do not capture the quantum 
stringy corrections, and thus it would be also interesting to formulate “quantum rehned 
topological vertex” which captures such quantum corrections. 

A six dimensional analogue of the four dimensional instanton partition function was 
discussed in [72l[73l[71|. It would be interesting to discuss the stringy generalization of 
the six dimensional instanton partition function. 
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A Multiple gamma function 


The multiple gamma function is dehned by 


Pr(a;|a;i,..., Ur) = exp 


ds 


Q(s,x|a;i,... ,i:nQ , 


s=0 


(A.l) 


where Q is the Barnes zeta function dehned by the analytic continuation of an inhnite 
sum 


Cr.(s,a;|a;i,... ,a;Q = ^ 


:, Re(s) > r. 


„ (x + niUJi H-h rirUr)' 

ni,...,nr=yJ 

A.l Zeta function regularization 

Using the multiple gamma function, one can regularize an inhnite product by 


(A.2) 


(x + riiUi + • • • + UrUJr) 

ni,...,nr=0 


-1 


= Pr(a:|a;i,... ,a;Q. 


(A.3) 


J reg 
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The usual gamma function 


r(i) = 


dt 

fl-x 


-t 


Re(a;) > 0, 


is related with the modified gamma function Ti by 

r(a;) = V^u:^~^Ti{u:x\u:). 

Then the zeta function regularization used in [25l 126] is obtained 


(A.4) 


(A.5) 


]^(a; + n) 


n=0 


J reg 


r(a:)' 


(A.6) 


A.2 Perturbative partition function of four dimensional gauge 
theory 

Using a formal expansion 


1 - 


n=0 


(A.7) 


the perturbative partition function (13.3p is written as [mEu 


N 


Z^^{ei,e2,a) — r2(aQ,^|ei,62) 


ci,/3=l 

N 


n 


a, 0=1 


(^ 

1 

7 °° dt e \ 

V ds 

.=0 r(5) J 

0 (e-"i^ - l)(e-" 2 * - l)y 


(A.8) 


B Stringy U{1) instanton counting, simple Hurwitz 
theory, and topological strings 

In this appendix, we discuss relations between the stringy U{1) instanton counting, the 
simple Hurwitz theory, and the topological A-model on local toric curve. Let us consider 
the generating function of the stringy U{1) fc-instanton partition functions fl2.5p for iV = 1 
on the (r-scaled) anti-self-dual Omega background ei = —62 = h/r0 

■q\2H 

.=1 ’ 

(B.l) 


= l + ^{{zz) (h/r,-h/r, a, z) = ^ 


this background, as shown in (12.181) . the stringy instanton partition function does not have the a' 
corrections, and thus (12.171) for TV = 1 is obtained as the exact result. 
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where c^(s) = - i) and h^{s) = a^{s) + £^(s) + 1 is the hook length. By- 

expanding this partition fnnction around h = 0: 

q) = ^ (ih log Gk,i, (B.2) 

k,t=0 ^ '' 

one hnds that the coefficients 


Gk,i XI rr /i (s)2 


2i 


(B.3) 


coincide with the equivariant classical intersection numbers {D‘^i\^_q of the divisor class 
on the Hilbert scheme of points Hilbfc(C^) on as computed in fIC.Sp . One also hnds 
that 

(B.4) 

gives the disconnected simple Hurwitz number of which counts the degree k ramihed 
cover / : Eg —)■ P^ with m = 2g — 2 + 2k simple branch points, where is a genus g 
Riemann surface m (see also e.g. [76] )@ Then the connected simple Hurwitz numbers 
are obtained from the genus expansion of the free energy 


X 




- * 

\^9,k ’ 


(B.5) 

where k = ihlogzz and x = {iq logzz)^. We see that the perturbative free energies J^g{x) 
are given as [771178] 


°° l,k-3 

‘^o(^) = X k' 

k=l 

(B.6) 

= -^(log(l -2/) + 1/), 

(B.7) 

2 3g-5 

J^g>2{x) “ _ ^^5(3-1) X ) 

(B.8) 


^^The simple branch point is a branch point such that the branching number is one, and the number 
m of simple branch points is determined by the Riemann-Hurwitz formula 2g — 2 + 2k = — i^i), 

where = {g\ > ^2 ^ ^ A > 0) is a profile over an *-th branch point. Here the profile of the 

simple branch point is given by /r = (2,1^“^). Note that the genus g of the disconnected simple Hurwitz 
numbers can be a negative integer. 
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(m-2,1) 


( 0 , 1 ) 




Tb 



( 1 - 1 ) 


Figure 3: The toric diagram of the local curve = 0{m — 2) © 0{—m) (total 

space of rank two vector bundle over P^), where Tb is the Kahler modulus of P^. 


where Cg^i are constants, 


and y = —W{—x) is the Lambert W function dehned by 
the inverse function of the spectral curve x = ye~^ which has the series expansion 


y ~ relation between the Hurwitz numbers of P^ and the intersec¬ 

tion numbers on Hilbfc(C^) was discussed in [79]. 

As mentioned in Section [3.2[ the stringy 17(1) instanton partition function fIB.ip is 
obtained from the A-model partition function on the local curve Xi^rn = 0{ra — 2)® 
0{—m) —)■ P^ described in Figure |3l By the geometric engineering 
and the four dimensional limit (13.81) : ^ 0, m ^ oc with fixed (5m = rlog^:^, we have 

Zxt^S.Xi) (BJ) 

Therefore one also obtains the relation between the topological A-model on Xi ^ and the 
simple Hurwitz theory which was previously discussed in jlH]. As pointed out in 
the simple Hurwitz theory is related wit 


second Casimir operators (see also [80]iJ^^ 


he 17(1) instanton counting with the hrst and 


Then we see that the stringy 17(1) instanton 
partition function fIB.ip also coincides with the 17(1) instanton partition function with 
the hrst and second Casimir operators. 


C Equivariant correlators on Hilbfc(C^) 

Let Hilbfc(C^) be the Hilbert scheme of points on C^: 

Hilbfc(C^) = {J C 'C[x^y]\J is an ideal, dimeC[x,|/]/j7 = k}. (C.l) 

The T-equivariant cohomology i77(Hilbfc(C^), (Q) of Hilbfc(C^) with the equivariant action 
T = U (1)^ on has the Fock space description over Q as was constructed by Grojnowski 
^^For example these are given by 

= 1440a-,)^ <°” + '>• = 725760(1 

^^The (simple) Hurwitz theory is also related with the topological A-model on [76l [79] . 
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cLiici NcikcLjiriiBj j49[ I5Q[ I44j clIso ISH). The Fock module over the Heisenberg algebra 
{a±n, u G N I [am, aj\ = m6m+n,o} is given as follows. The Fock vacuum |0) is annihilated 
by an>Q'- an\^) = 0 for n > 0, and the basis of the Fock space T is created by a„<o: 


lb') 


1 

|Aut(F)|n.b; 




(C.2) 


Here H is a partition with Yi > Y 2 > ■ ■ ■ > Y^^ > 0, and Aut(H) is the order of the 
automorphism group of the partition. Then a Fock module |H) with |H| = = k 

gives an element of (Hilbfc(C^), Q), and a canonical isomorphism 


J^®QQh,e2] = 0hf^(Hilbfc(e), 


(C.3) 


k>0 


is obtained, where 61^2 are the equivariant parameters. The inner product on the Fock 
space which gives the equivariant two-point functions on Hilbfc(C^) is normalized as 


{Y\Y') = 


(£i£2)'-|Aut(y)|n.Ki 


■JYY' 


(C.4) 


The Poincare dual of the divisor class in Ff^(Hilbfc(C^), Q) is given by \D) = —12,1^“^). 
The operator of small quantum multiplication by D is given by the g-deformed Calogero- 
Sutherland Hamiltonian |5T] 





1 - g 
l + q 


l + i-qT \ , 1 

-;- —n )a-nan H— 

1 - {-q)^ y ” 2 


00 


m,n=l 


(C.5) 


where e = ei -|- € 2 . 

Using this Fock space description, let us compute the equivariant classical intersection 
numbers of the divisor class in iJ^(Hilbfc(C^), Q). Let H‘^ = HD\q=o be the classical part 
of the operator Ho- By = k{k — l) ■ ■ ■ {k — £+l)n^a’Yn^\^) Y k, one obtains 


|0^ _ -ea_2«^T'|0) +eie2«M0) 
-2{k-2)a.sa'l-,^m, 


l(fc-2)(fc-3)«W-Tl0) 

(C. 6 ) 


(H^^)^a_ 2 Q!^ii^| 0 ) = (e^ - + k - 12 )eie 2 )a_ 2 a^:i^| 0 ) - eie 2 ea^ii| 0 ) 

-h ^{k - 2){k - 3)ea%a^7^|0) 8{k - 2 )ea_ 3 a^i'^^| 0 ) 

+ ^{k -2){k- 3){k -4){k- 5)aV-d®|0) 

+ 3{k - 2){k - 3){k - 4)a_3a_2a^T®|0) + 8{k - 2){k - 3)a_4a^7^|0). 

(C.7) 
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Then on Hilbfc(C^), the equivariant classical intersection numbers of the divisor class are 
computed as 


= (D°) = 

{DY = {D\Hn\Dy^ = 




{DY = {D\Hjj\Dy^ = 


2(fc-2)!(6ie2)^-i’ 

sk'^ + k -12 

+ 


2 (^- 2 ) 1 ( 6162 )^ ^ 4(A; - 2 ) 1 ( 6162 )^ 


{DY^ = {D\H'fj\Dy^ = 


3 I rT\ cl 


{DY^ = {D\Hf)\Dy' = 


2(A;- 2 ) 1 ( 6162)^-1 

A 


{I8{k - 2) + 2{k - 2){k - 3) + {3k^ + k- 12))( 
2(A;- 2 ) 1 ( 6162)^-2 


2 (fc- 2 )l( 6 i 62 )'=-i 

(I80(fc - 2) + 16(A; - 2){k - 3) + 3(3P + k- 12))f 
A{k - 2)1(6i 62)*'-2 
15A:^ + 30fc3 - 105A:2 - 700A; + 1344 


(C.8) 


8(fc- 2 ) 1 ( 6162)^-3 

By 61,2 —t —ei, 2 , these results coincide with the classical part of the stringy f/(l) instanton 
counting computed in fl4.4p . Especially from fl4.6p . one hnds a formula of the classical 
intersection numbers at 6 = 61 + 62 = 0 : 

1 1 


(^26)cl 








(C.9) 


where c^(s) = ~ ~ (^Y) + ^Y) + 1 is the hook length dehned for 

a Young diagram fi as described in Figure [T] of Section 12.11 

The (quantum) equivariant three-point functions in i7^(HilbA;(C2),Q) are also com¬ 
puted as [27]: 

'1 


{D\HD\D)=e 


42), 


42)\ 


rl- q 
^1 + q 


3 

n-q 

3(1-g3)- 

2^ 

Vl + g 

l + q'^ ■ 

= -2e( 

D — q 

2(1+ g2)^ 

\ 

D + q 

1 — ) 


><h’'ihb = (,_3),;,,^).-2 (i+v„fa)). 

(C.ll) 


2(fc-4)l(6i62)'=-2V2 


+ YYj , 

(C.12) 


where we have changed the equivariant parameters as 61,2 —^ 1 , 2 - Here | = |3, l^-^), 

|Y 2 ^^^) = | 2 ^, 1 ^-^) are the cohomo logical classes dual to (complex) codimension two cycle 
classes, and 

io(9)= Y’ = YY- 

I — q 1 — q + 
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D Equivariant correlators on Aik,N 


In this appendix, we discuss equivariant correlators on the ADHM moduli space Aik,N 
defined in fl2.ip . In [52], by extending the construction of Grojnowski and Nakajima 
[ini EHl IS] for = Hilbfc(C^) mentioned in Appendix O, Baranovsky constructed 

the action of the Heisenberg algebra on the cohomology of Aik,N- The T-equivariant 
cohomology 0fc>o H^[Aik,N), where T is the A^+2 dimensional torus with the equivariant 
parameters oi,..., otv, ^ 1,2 as in footnote 6 of Section [ 2 S forms a tensor product [521 ITT] : 




(D.l) 

fc >0 k>0 

Here Ti is the 1 + 2 dimensional torus with the equivariant parameters Oj and 61 ^ 2 , where 
the torus trivially acts on the +th Aik,i- The Heisenberg algebra is given by n E 
N,z = l,...,N I [a® , an = m6m+n,o^i,j}, and the generators a±^ only act on the i-th 
tensor factor. 

Let |lfc) be the element in the tensor product of Fock spaces corresponding to the 
cohomological degree 0 element Ik in H!^[Aik,N), and using the isomorphism fIC.Sp . we 
consider 


l>^) = 


YijYi 


(D.2) 


|Ant(H)|7V; 

Here H is a partition with Yi > Y 2 > ■ ■ ■ > Yi^ > 0 and |H| = X]/=i ^ Aut(F) is 

the order of the automorphism group of the partition, and 

N 

= (D.3) 


2=1 


are the Baranovsky operators [52] • The Baranovsky operators act on the cohomology ring 
of Mk,N as 

f3±n '■ ^ H^(^JYlkzf:n,N) , (D.4) 

k k 

and the action l3-n,n > 0 increases the cohomological degree by 


2nN - 2. 


(D.5) 


Therefore the module flD.2p describes an element of {■M.k,N)- On the other hand. 


the action f3n, n > 0 decreases the cohomological degree by 2nN — 2, and thus if n > 2, or 
n = 1 for N > 2, then /3nlfc = 0 [17]. Therefore for N >2, we consider the module |lfc) as 
a “vacuum”. The inner product (two-point function on Aik,N) of |lfc) is given (defined) 
by the Nekrasov partition function fl2.1ip : 


(Ifc)Ifc) (Ifcllfc) 


l = Z,^+"(ei,e2,a), 


(D. 6 ) 


'Mk,. 
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where 1 G H^(^Aik,N) ■ As a higher rank generalization of (lC.4p . it is natural to give the 
normalization of the inner product of |y) in flD.2p as 


{Y\Y') = 


-1)AI 




Cy 


6 yy ' X ZSAr(ei,e2,a), 


(D.7) 


(6ie2)^^|Aut(F)|iVn/>^/ 

where cy is a constant which is not fixed in this paper. In |17] , by Maulik and Okounkov 
it was shown that the operator of quantum multiplication by the divisor for Aik,N is given 
by the g-deformed Hamiltonian of a coupled A^-tuple of Calogero-Sutherland system; 


1 


N OO 


2=1 m,n=l 


N OD 


(oi + |(1 - n)) - e ^ ^ 




i=l n=l 


i<j n=l 


^ q’ ^ 

1 — g"- 

n=l ^ 


(D.8) 


where e = ei + 62 - In [17], it was also shown that the divisor generates the quantum 
cohomology ring of Aik,N- Note that in the iV = 1 case, we need to modify the above 
operator Hd by adding 

OO 

eq 

1 — n 


9 


(D,9) 


ri.=l 


and then by putting oi = 0, and g —)■ —g, the operator fIC.Sp for Hilbfc(C^) is obtained. 
In what follows, using the last term in fID.Sp : 


n' ^ 

n=l ^ 


(D.IO) 


and /dnllfc) = 0 , we compute the quantum parts of two three-point functions related with 
the computations in Section ID 




(D.ll) 


Here 17 = P-ih-i e 17 = ^^-ilk -2 e H^^-^{Mk,N), and D is the 


Poincare dual of the divisor classl£| By fID.TD and fID.lOp . we obtain 


(D,i7,i7r = 

(D,i7,i7r = 


Cl 6 
€162 


-^o(?)^A:-l,Ar(Cl5 C 2 , a), 


C2e 

'22 

^1^2 


-^o(?)^^-2,Ar(ci, C2, a). 


(D.12) 

(D.13) 


where ci ,2 are constants, and Ao(<?) is defined in fIC.lSp . It would be interesting to deter¬ 
mine the classical parts and £x the normalization constants. 


have slightly changed the convention of m- 
^®For TV = 2, we see that Yi = D. 
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E Exact Kahler potential for Calabi-Yau threefolds 
and fourfolds 


In this appendix, we summarize the exact Kahler potentials on quantum Kahler moduli 
spaces of Calabi-Yau threefolds (e.g. [12]) and fourfolds (conjectured in [53]). The Kahler 
moduli space A^Kahier(Y) of Calabi-Yau d-fold X is defined by H^{A^T*X), where T*X 
is the holomorphic cotangent bundle on X. By considering the NLSM propagating on X, 
the Kahler moduli space A^Kahier(-^) is quantized by the a' corrections. 

For Calabi-Yau threefold, it is known that around a large radius point the quantum- 
corrected Kahler potential K on A^Kahier(Y) is given by 


e = - t ){f - r){t 


3! 
r d 


t) + 


1 




c( 3 ),\nf) 


— i 


d 


+ ^F(t) (i* -f) + - F(i)), 


(E.l) 


.dtf' ■ ■ gf 

where i^j^k — 1,..., Here r are the complexified Kahler parameters, are 

the classical triple intersection numbers of divisors on X, x(Y) is the Euler characteristic 
of X, and 


= Y «aLi3(y), (E.2) 

^ ^ /3eH2(v,z)\{0} 

is the prepotential which gives the Gromov-Witten invariants dehned by the holomor¬ 
phic maps d(j) = 0 in the (A-twisted) NLSM 0 : —)■ X. Let (9j. be the observables 
associated with Jj G then the prepotential F{t) can be obtained from the three- 

point function J^Oj.O on P^ in the topological A-model via the relation 

(Oj.OjPj,) = + g^^Fp (E,3) 


For Calabi-Yau fourfold, it was conjectured that the Kahler potential K around a 
large radius point is given by [53] 

e~^ = - 7){F - F)(f^ - - t) + ^C(3)CFF - t) 

+ — {Gke{t) -l- Gke{t)){t^ — t ){t^ — t ) 

- (Heit) - lU^) (F - t) + (t' - t') 

- K,^-{F^(t)-l^)){Fr,{t)-l^, (E.4) 

where i,j,k,£ = 1,..., h^’^{X) and m,?7, = 1,..., (x)0 Here Kijki are the classical 

quadruple intersection numbers of divisors on X, G^ = c^^X) A dehned by the third 

^^/ipdm(Y) is the dimension of the primary subspace C whose elements are obtained 

from the wedge products of the elements of 
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Chern class C 3 (X) of X and Ji G is the inverse matrix of the intersection 

matrix rjmn = fx A Hn on H‘^^^^{X). Similar to the case of Calabi-Yau threefold, the 
quantum corrections are given by the generating functions 

Fn{t) = —^ ^ n;3,„Li2(g^) (E.5) 

^ ’ /3eH2(x,z)\{o} 


which give the Gromov-Witten invariants nj^^n defined by the holomorphic maps d(j) = Q 
intersecting with the cycle dual to G in the (A-twisted) NLSM 0 : —>■ X. 

The generating function Fn{t) is obtained from the three-point function j^O on 
P^ in the topological A-model via the relation 

{OjPjPh^ = Kijn + (E.6) 

where is the observable associated with Hn G H‘^P{X), and Kijn = jx'^^ ^ 

is the classical intersection number. In the conjectural formula flE.dp . the generating 

functions 

Gkp) = i2xi)2 np^kiPiq^) (E.7) 

^ ^ l3eH2{X,Z)\{0} 

count the Gromov-Witten invariants defined by the holomorphic maps d(j) = 0 

intersecting with the cycle dual to Jk f\ Ji & -^prim (^)5 definition these generating 

functions are written by a linear combination of Fn{t). Other quantities in flE.dp are 
defined by 


Hp) = 


/ Gpt)dt^ + 2 / 

Jico Jic 


Gke{t)dt^ 




Fmn-,r(t) = / diF,Jt)diF„(t)dt' 


(E.8) 

(E.9) 
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